Quantitative force measurements performed using the atomic force microscope ͑AFM͒ inherently rely on calibration of the AFM cantilever spring constant to convert the measured deflection into a force. Here, we examine the effect of cantilever tilt and induced torque on the effective normal spring constant resulting from variable placement of the tip probe, as is frequently encountered in practice. Explicit general formulas are presented that account for these combined effects for both sharp tips and spherical probes. In contrast to previous studies, we find that induced tip torque can act to either enhance or reduce the effective normal spring constant of the cantilever. The implications of this study to practical force measurements are discussed.
I. INTRODUCTION
The atomic force microscope ͑AFM͒ has rapidly emerged as an indispensable tool for performing force measurements on the nanoscale. 1, 2 Underpinning this application are the mechanical properties of the AFM cantilever, which is used as the force sensing probe. Consequently, an ability to accurately determine these mechanical properties is essential in any quantitative force measurement.
Cantilever deflection is typically measured using the optical-lever technique, 3 where a laser beam is reflected off the back of the cantilever into a split photodiode. This requires knowledge of the optical-lever sensitivity, which is most commonly determined by pushing the cantilever tip against a hard surface, thus setting a fundamental relationship between the cantilever displacement and photodiode voltage. Importantly, any change in the cantilever displacement/angle relation changes the sensitivity of the optical-lever technique, which must be taken into account to ensure accurate and robust measurements. This is particularly important when the cantilever loading configuration differs from that during the optical-lever calibration.
In addition to variations in the sensitivity of the opticallever technique, significant deviations in the cantilever spring constant can occur due to loading away from the cantilever free-end, 4 and tilting of the cantilever relative to the sample. [5] [6] [7] This latter phenomenon has been studied recently in a number of works, [5] [6] [7] which demonstrate that cantilever tilt ͑see Fig. 1͒ can significantly influence the effective normal spring constant, henceforth referred to as the effective spring constant. Furthermore, a ͑protruding͒ cantilever tip can induce significant nonzero torque, particularly in the presence of tilt, which can affect the cantilever deflection angle. Since the optical-lever technique is only sensitive to cantilever deflection angle ͑not displacement͒, this in turn can significantly affect AFM force measurements, as discussed above.
In this article, we examine the effects of varying load configurations for the combined presence of a sharp tip and/or an attached sphere, as is frequently encountered in practice. This study is performed for AFM cantilevers of arbitrary geometry, and we focus on the application of forces normal to the sample surface only. Our work extends the results of previous studies [5] [6] [7] that examined rectangular cantilevers with either ͑i͒ a sharp tip or ͑ii͒ an attached sphere. In contrast to previous work, [5] [6] [7] which found that induced torque enhances the effective cantilever spring constant, we find that induced torque can enhance or reduce the effective spring constant, depending on the loading configuration. To overcome these practical difficulties, we present general formulas for extracting the applied force from the measured cantilever deflection, for the commonly used optical-lever a͒ Author to whom correspondence should be addressed. Electronic mail: jsader@unimelb.edu.au. technique. These formulas inherently and unambiguously account for the induced tip torque in the presence of cantilever tilt. The specific case of a rectangular cantilever is also considered to draw connections with previous works and its relevance in application.
II. GENERAL THEORETICAL MODEL
We now present a general theoretical model connecting the applied force to the cantilever deflection. Note that we only consider an applied force normal to the sample surface, i.e., in the z direction, see Fig. 1 . That is, all force components parallel to the surface are taken to be zero, which is often encountered in practice, e.g., colloid probe measurements. 8, 9 The geometry of the problem is illustrated in Fig. 1 . We note that a number of geometric parameters are required in this theoretical model: ͑i͒ length H of the line connecting the tip-cantilever attachment point and the end of the tip, ͑ii͒ angle ␣ between that line and the direction perpendicular to the substrate ͑defined to be the z axis͒, and ͑iii͒ angle between the major axis of the cantilever and the sample surface. Note that the line of length H is not necessarily perpendicular to the cantilever.
Other parameters, such as the cantilever length L, the position of the tip attachment point ⌬L, and the shape of the cantilever itself, only enter the model through the spring constants that characterize the manner in which the cantilever responds to applied forces. The most familiar of these relates the applied normal force N in the z c direction to the resulting displacement ⌬z c ͑where z c is normal to the cantilever͒,
Two other spring constants relate the longitudinal torque T to the resulting displacement ⌬z c and the rotation perpendicular to the major axis of the cantilever ⌬, respectively,
A schematic illustrating these load cases is presented in Fig.  2 .
For a rectangular cantilever, these spring constants are given by
͑3͒
where D 0 = Et 3 is the rigidity of the cantilever, 10 E is the Young's modulus, t is the thickness of the cantilever, c is its width, and L and ⌬L are as illustrated in Fig. 1 . Analogous expressions for V-shaped cantilevers are presented elsewhere. [10] [11] [12] Importantly, the portion of the cantilever between the load point ͑specified by ⌬L͒ and the cantilever end-tip does not contribute to these spring constants, and hence is irrelevant in the following analysis. 13 We now analyze the steps required in the optical-lever technique to convert the measured photodiode voltage into force. It is mathematically convenient to do this in reverse order to that typically performed in practice, starting with conversion from deflection to force and then moving on to obtaining deflection from voltage.
A. Conversion of deflection to force
The relationship between the cantilever spring constants and the applied normal force N and torque T is encapsulated in the following expression:
͑4͒
In Eq. ͑4͒, ⌬z c is the displacement perpendicular to the cantilever major axis, i.e., in the z c direction, see Fig. 1 . Importantly, it is the displacement, ⌬z, perpendicular to the sample surface that is normally measured in practice, i.e., in the z direction. From Eq. ͑4͒, we find the relationship between these two displacements,
where the force N perpendicular to the cantilever and the torque T can both be expressed in terms of the applied force F normal to the substrate:
Note that we only consider the case in which a force F is applied normal to the sample surface, as stated above. Substituting these expressions back into Eq. ͑5͒ gives the following expressions for the cantilever displacement ⌬z and corresponding deflection angle ⌬:
Rearranging the formulas in Eq. ͑7͒ produces two alternative expressions for the force:
Schematic showing ͑a͒ displacement ⌬z c of a cantilever due to applied normal force N, and ͑b͒ displacement ⌬z c and corresponding rotation angle ⌬ of a cantilever due to applied torque T.
where the terms T z and T are the torque corrections and are given by
.
͑10͒
Equations ͑8͒ and ͑9͒ are the results we seek and relate the applied force F ͑normal to the sample surface͒ to the cantilever displacement ⌬z or deflection angle ⌬. Which of these expressions is useful depends on whether it is the cantilever displacement ⌬z or deflection angle ⌬ that is inferred from the measured change in photodiode voltage. The usual practice is to convert change in voltage to displacement, and thus Eq. ͑8͒ is the more relevant expression. However, this conversion is itself influenced by cantilever tilt and the action of the induced torque. The extent of this effect is quantified in the next section.
B. Conversion of voltage to displacement-Effect of tilt and torque
Applying a force to the cantilever can affect both its displacement and deflection angle. Since the optical path length from the cantilever to the photodiode greatly exceeds the cantilever length, the optical-lever technique is only sensitive to changes in the deflection angle. For sufficiently small changes in the deflection angle, the voltage-deflection angle relationship is linear, and we have
where a is a constant, independent of how the cantilever is loaded. Equation ͑11͒ can be expressed in terms of the cantilever displacement ⌬z to yield
where s ϵ a −1 ⌬z / ⌬ is the usual sensitivity of the opticallever technique. Equation ͑12͒ gives the required relationship between the observed change in voltage and the cantilever displacement. The crucial quantity here is the sensitivity s, which is typically measured from the slope of the "constant compliance" part of the force curve, when the tip and the substrate are in hard contact. Under this condition, a known translation ⌬z of the fixed end of the cantilever can be applied, which when divided by the observed change in voltage ⌬V gives the value of s.
Importantly, the sensitivity s depends strongly on the loading configuration and the cantilever characteristics. We can use the expressions presented in the preceding section to determine the dependence of the sensitivity s on the cantilever load. From Eqs. ͑8͒-͑12͒, we then obtain
establishes that the sensitivity s depends not only on the cantilever material and geometric properties but also on the shape and placement of the tip. Any change to these variables modifies the sensitivity. Consequently, it is important whenever possible to measure s under the same loading conditions as the actual experiment. When this is not possible, Eq. ͑13͒ can be used to correct the sensitivity for differences in the loading between optical-lever calibration and experiment. Ideally, the presence of any friction between the tip and the substrate while they are in hard contact should also be corrected for, using, for example, the technique of Stiernstedt et al.
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C. Conversion of voltage to force
Combining Eqs. ͑8͒ and ͑12͒ gives the required general expression connecting the photodiode voltage ⌬V to the applied force F,
where the quantity k z T z / cos 2 is the effective spring constant for the system accounting for the combined effects of tilt and torque.
Note that Eq. ͑14͒ contains two distinct factors that correct the usual force-voltage expression for a horizontal cantilever: ͑i͒ The geometric factor 1 / cos 2 accounts for tilt of the cantilever relative to the sample surface and is independent of the shape and placement of the tip; indeed, this correction is present even for a tipless cantilever as discussed previously, [5] [6] [7] and ͑ii͒ the torque factor T z , which accounts for the torque induced on the cantilever by the tip, and depends on details of the tip geometry.
An alternative force-voltage relation can be obtained by substituting Eq. ͑11͒ into Eq. ͑9͒, giving
This latter formulation has the advantage that the constant a ϵ ⌬V / ⌬ is independent of the cantilever loading configuration. Consequently, all dependencies of cantilever tilt and the shape and placement of the tip are explicitly included in the factor T / cos , and the necessity of measuring the sensitivity s under the same loading conditions as the measurement is eliminated. All that is required is determination of a, which can be inferred from measurements of s using Eq. ͑13͒.
It is important to note the assumption implicit in the above model of point loading. In reality, the load transferred from the tip to the cantilever is typically distributed over a finite area, be it via the base of a pyramidal tip or the glue used to attach a spherical probe. Since this area is usually small, it provides for a small effect. We retain the point loading approximation for the sake of simplicity here, but emphasize that in some practical cases there will be further corrections due to finite area load distribution.
III. APPLICATION TO SPECIFIC GEOMETRIES
Next, we examine application of the above general model to specific geometries frequently encountered in practice. In the general formulas for the torque corrections T z and T defined in Eq. ͑10͒, the tip geometry enters in two ways: First, the position at which the tip attaches to the cantilever, defined by the distance ⌬L from the cantilever free-end, directly affects the spring constants k z , k , and k z . Second, the shape of the attached tip is reflected by the quantities H and ␣; see Fig. 1 . Expressions for H and ␣ and the resulting torque corrections are now given for the most common tip types: sharp tips and spherical probes; see Fig. 3 .
A. Sharp tip
In terms of the geometric parameters defined in Fig. 1 , a sharp ͑e.g., pyramidal͒ tip corresponds to the case of ␣ = , a consequence of the tip being perpendicular to the cantilever; see Fig. 3͑a͒ . The length H is simply equal to the length of the tip D. Substituting these expressions into Eq. ͑10͒ then yields the required torque correction factors for a sharp tip,
where the subscript i refers to z or , and
B. Spherical probe
Colloidal spheres are often used as probes in AFM measurements, since they provide a well-controlled geometry and surface for quantitative force measurements. 8, 9 The simplest method of sphere attachment is to place it directly on the underside of a ͑tipless͒ cantilever as illustrated in Fig.  3͑b͒ , which has been analyzed previously for rectangular cantilevers only. 6, 7 In practice, though, a sphere is often attached to the sides of the integrated sharp tip of the cantilever rather than to the cantilever itself. Although this attachment technique is common, its combined influence on the effective spring constant is yet to be analyzed. For a sphere, ␣ is the angle between ͑i͒ the line connecting the points A and B in Fig. 3͑b͒ , and ͑ii͒ the normal to the sample surface. We characterize the attachment of a sphere to a cantilever by the value ␣ takes when the cantilever is parallel with the sample surface, i.e., when = 0. We refer to this value as ␣ 0 , the definition of which is illustrated in Fig.  4 . If the sphere is attached directly to the underside of the cantilever, ␣ 0 = 0. However, attaching the sphere to the side of the sharp tip will result in a nonzero value for ␣ 0 , the sign of which depends on to which side of the sharp tip the sphere is attached.
We find that in this case, ␣ and H may be expressed in terms of the sphere parameters R, , and ␣ as follows: 
and
where we neglect the small contribution to H from the sharp tip. Substituting these relations into Eq. ͑10͒ gives
, "sphere on tip." ͑20͒
We now examine some special cases of this general result. The special case of a sphere attached directly to the underside of the cantilever is covered by setting ␣ 0 = 0, see Fig. 4͑a͒ . In this case, Eq. ͑20͒ reduces to
Comparison of Eq. ͑21͒ with Eq. ͑16͒ reveals the interesting result that a cantilever-mounted sphere generates the same torque as a sharp tip with a length equal to the radius ͑not diameter͒ of the sphere.
Another special case is that of a sphere "skewered" on the very end of the cantilever ͓␣ 0 = −45°, see Fig. 4͑d͔͒ , for which Eq. ͑20͒ reduces to
Interestingly, the torque correction in this case is independent of the cantilever tilt angle .
A crucial finding here is that the torque correction factor for a sphere may act to either enhance or reduce the effective spring constant, depending on whether ␣ 0 is greater or less than − / 2. This behavior is qualitatively different from that of a sole sharp tip, [5] [6] [7] for which the correction factor is always positive, i.e., torque always enhances the effective spring constant. To illustrate this effect, Fig. 5 gives results for the torque correction factor T z for a rectangular cantilever ͑tilted at = 10°͒ as a function of the normalized radius R / ͑L − ⌬L͒ for different values of ␣ 0 . Note in particular that for large spheres attached in the "skewered" position ͑␣ 0 = −45°͒, the torque correction can reduce the effective spring constant by more than 20%.
We emphasize that cases in which ␣ 0 ϳ −45°often occur in practice, especially when a sphere is attached to the side of a sharp pyramidal tip of comparable size. Importantly, increasing the magnitude of ␣ ϵ ␣ 0 + / 2 enhances the effect of induced tip torque, see Eq. ͑10͒, and these configurations may therefore require significant correction to the resulting force measurements.
If ␣ 0 =− / 2, the torque correction factor is identically 1. Physically, this is because the "lever arm" of length H is aligned perpendicular to the substrate, i.e., ␣ = 0, and hence there is no induced torque. Consequently, the effects of induced torque can be minimized by ensuring that ␣ 0 is as close to − / 2 as possible.
C. Summary of torque corrections
The torque correction factors T i ͑i = z , ͒ for the different tip geometries are summarized in Table I . Also listed are the specific formulas for T z for a rectangular cantilever, for which the spring constant ratio z ϵ k z / k z has the simple form z =3/ 2͑L − ⌬L͒; see Eq. ͑3͒. Equivalent expressions for nonrectangular ͑e.g., V-shaped͒ cantilevers can be generated by simply substituting in the appropriate expressions for the spring constant ratios z or .
Note that the rectangular cantilever formulas for a sharp tip and for a sphere attached directly to the cantilever agree with those obtained previously. [5] [6] [7] All other results are new. The formulas in Eqs. ͑14͒ and ͑15͒ along with Table I provide a simple means of calculating the effect of cantilever tilt and torque on AFM force measurements for any cantilever and tip geometry. In many cases of practical interest, for example a sharp tip, the torque correction factor T may only amount to a few percent and therefore be negligible when compared to alternate sources of measurement error. However, in other cases we showed that this correction is substantial, and can be more than 20%, e.g., a sphere "skewered" at the cantilever end or a small sphere attached to the integrated sharp tip. Furthermore, Eq. ͑20͒ shows that in some configurations, torque acting on spherical force probes can reduce rather than enhance the effective spring constant. This is in direct contrast with existing studies that predict an enhancement in the effective spring constant due to induced tip torque.
Finally, we emphasize that the optical-lever sensitivity is influenced by the combined influence of tilt and torque. If this sensitivity cannot be measured under the same loading conditions as the experimental measurements, then Eq. ͑13͒ should be used to correct the sensitivity when converting the photodiode voltage to cantilever displacement, cf. Eq. ͑12͒. Alternatively, this issue can be eliminated by converting voltage to angle rather than displacement, and using Eq. ͑15͒ to calculate the force. The findings of this study are expected to be of particular value to users of the AFM performing quantitative force measurements.
